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‘u’uf(uuxuu — Usllyy) + -zfﬁf_ (uuyy —u?)| <Ko (U —u)s

1 U
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are satisfied, In the above inequalities ¢ = [—lnp (1 — u / U)I"s, K; and p are
certain positive constants, ) << u << 1.and X, > 0 depends on U, r and v,.

This theorem is the corollary of Theorem 1,

We note in conclusion that the stipulations and the input data of problem (1), (2)
formulated in Lemma 4 and Theorems 1 and 2 are somewhat less stringent than the lim-
itations imposed in [1], The analysis presented here has to a certain extent improved
the results obtained in [1] and made it possible to prove the theorem of existence of
solution of the Cauchy problem for the requirements with respect to external flow, as
specified in Theorems 1 and 2,

The author wishes to express his thanks to O, A, Oleinik, his science instructor, for
his help and guidance in this work,
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The formation of a boundary layer over a body which suddenly begins to move
in a stationary incompressible fluid is analyzed, Proof is given of the existence
and uniqueness under certain conditions of solution of the related boundary value
problem defined by the system of Prandtl’s equations in a certain time interval

0 < t < T and over the whole of the streamlined body, This problem was also
considered by Blasius [1] who had proposed to solve it by expanding the stream
function into an asymptotic series in powers of time, and had given the first two
terms of this expansion in their explicit form, A brief account of these results
and the mathematical formulation of the problem appear in [2, 3], The problem
of boundary layer development under conditions of gradual acceleration was
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examined in [4, 5],

The problem of boundary layer formation in a plane-parallel symmetric flow past a
body by sudden motion reduces to the analysis of the following system of equations:

UWp AUy 4 Vuy = —p. VU, U v, =0 (1)
inregion Dr {0 <t T, 02X, 0y << oo} with conditions
Uleo =U O, 2), oo =0 for £>0,  uly=0
Vjymo =0o(t, ), u—U(fz) for y—o (2)
where u and v are velocity components, U (£, z) is the longitudinal velocity compo-

nent of the external stream, {J 0 =0, U, z) >0 for z> 0 and —p, =
U; + UU,. Substituting the independent variables -

t=V1t E=z, n=u/U (3)
and introducing the new unknown function
w(t, En)= Vfuv | U (4)
we reduce system (1) with conditions (2) to a single equation
Vg — 1 yTw, — U we + Aw, + Bw =0, (5)
inregion QO<T<<Y T, 0<<E<<X, 0<<n<<1} with boundary conditions
Wh=1=0 (Vww, — 0w + C)|pmp =0 (6)

A=v@ =)0 4 em— I, Bo—qpr, el !

U
C=T2Ux+1:2—([!—

With the use of the method of straight lines [6] we shall prove the existence of solution
of the problem (5), (6) and establish certain estimates for w. Using transformations (3)
and (4) we obtain formulas which are required for determining » and v of problem (1)
with conditions (2),

We denote f(kh, Lk, ), where h = const > 0, in the arbitrary function f(t, E,m)
by f& ! (n), and substitute for Eq, (5) with conditions (6) the system of ordinary differen-
tial equations Kl kb ol — Ll

Lk (w) = V(wk’l)z Wy — 5 —— 55— —

2 h
gl el
— (0 4 M) (kR U T gyl B —
k=01, ..., [%1] 1_—.0,1,...,[%} (M
along the segment 0 < 1 << 1 with conditions
w1y =0, I8 (w)= (vl — khop'w®t 4 €Y i =0 (8)

In Eqs, (7) A is a sufficiently great positive constant independent of #.
Henceforth C, and M; will denote positive constants independent of /4 and &, =
Y =In 7(1.—1]) where 0 <7 <{1and 0<{n<1.

Lemma, Let us assume that

Ue+ Uy U >0, UL (0, 0)>0, v, << Mytite, 80, | v, | << Moy,
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and functions vy, U, Uy, U/ U, Uy, Usxe, (U, | U), are bounded, and (U,/U)>
— MU in a certain neighborhood of % = 0. Then, for 0 <{lh << Xand 0k < V' T,
where T depends on U/, Ugand v, the system of Eqs, (7) with conditions (8) has the
solution w"! (1) which is continuous for 0 <{n < 1, has a continuous third-order deri-
vative for 0 < n<{1, and satisfies the inequalities

Cll—Mop<wH < C(l —M)Sp,  0<m<—=<p<1 (9

€
Furthermore, the following estimates are valid: Y
| (hf — o) )< C (L — M)y, (10)
| @t — 0 SR < C (=) 5 (11)
— Ceop, < wy 1 < CD (1) (12)
where @ (1) = — 0* for 0<{N <1 — 8 and @ (1) = — o, for(1 — <L < 12and
|kt |<Cpy Wil < — 11 (4v) (13)

The existence of functions v () (=10, 1, ..., [X /k]) and of estimate (9) for
w0 readily follow from Egs, (7) for k = 0, while for & > 1 the solution wh! of the sys-
tem of Egs, (7) with conditions (8) is obtained as the limit for e, — 0 of solutions of the
system

LRl w) + el <0, &> 0, 1<k [VT 1], 0K I [X /4]

with conditions (8), The proof of this and of estimates (9) is similar to that of Lemmas
3 and 4 in [6], To prove the estimates (10) — (12) we use the equations and boundary
conditions which are satisfied by the following quantities:

k2 wk,l

rk,l — (wk,l _ wk,l—l) /h, pk,l _ (wk,l . wk—l.l)/ h, z A

For example, function r®' satisfies equation

RE! (rk.l) — [Lk,l (w) N i (w)] Jh=0
and the boundary conditions

Tk,l (1) =0, kk’l (rk,l) —_— [lk,l (w) _ lk,l—l (w)] Jh=0 for N= 0

Now, assuming that the inequalities (10) — (12) are satisfied for- wh ¥ M) when &’ <
(k—1), K =% and I’ ! — 1,we can prove that for sufficiently small T these ine-
qualities are also valid for ¥’ = kand I’ = I. Proof of this is similar to that of Lemma
9 in [6], Inequalities (13) are the consequence of estimates (10) — (12) and are derived
from Eqs, (7).

Theorem 1, Letthe conditions of the lemma be fulfilled, Then in the region
QLT < VT,O<§<X, 0 << m <C 1} for any X and a certain T dependent
on U, pyand v there exists a solution of problem (5), (6) which has the following
properties: w is continuous in Q; C, A—o, < w < C, (1 — n)oy; function w,
is continuous with respect to 1 for N << 1; —C;0,, << wy << C4 O (1), where D is
the function defined in the lemma; |we [ << C3 (1 — W0, |w. | < Cs (1 — M)
Oy,» WW,, is bounded, and wwy, << — 1 / (4v). This function satisfies almost every -
where Eq, (5) and conditions (6) in space 2, These properties are unique to the solut-
ion of problem (5), (6).
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The existence of solution w of problem (5), (6) which has the above properties follows
from the solution w¥»! of problem (7), (8) and estimates (9) — (13), To prove the unique-
ness of the solution of problem (5), (6) we examine the remainder w; — w2 = W of two
solutions of this problem, Function W satisfies equation

114 w w
— _ T e BB
Py =voilW, —— ==l =4 B+
+ A% 4 vwzmlil_—!__'ﬂW=0
with boundary conditions w1 b
0 ( w C W ) 0

a1 A T Iy | P
Let us consider

P (W) We **dvdgdn =0, o = const >0 (14)

Q
Integrating by parts the derived integrals, from (14) we obtfain an inequality of the form

K (w1, w2, T, £, 1, @) W2e % drdedn > 0 (15)
Q2

where for sufficiently great o function K (wy, w2, 7, &, m, @) < 0, Hence it follows
from (15) that W2 = 0, i.e,, w; = wa.

Theorem 2, Let us assume that functions U, Uy, U,/ U, (Us/ U)y,
Vit Ue, VEU.IU),,vpand V 1 Vg are bounded, U, (0, 0) > 0, (U + U/
U>0and — MU << Uy | U for small z. Let also vy << M2+t & > 0, and | Vox
|<C M t'h Then in region Dy, where T is dependent on U/, vy and v there exists a
unique solution for u and v of problem (1), (2), which has the following propertiess 1/ U/
is continuous for ¢ >> 0: /u, / U is bounded and continuous; y — U , when y —
oc ; u and v satisfy conditions (2), and Uy, U,, Uyy, Uy and Dy are bounded and
continuous for £ >> 0. The equations of system (1) are satisfied almost everywhere in
D . Furthermore, the following inequalities are valid:

]/t—u u u
u u Y 2l
et —)e (3) <= <alt =) o (7) 19
U (t, z)exp (—— Cfty? — O lg/—z_ln R )< Ultyz) —u<<
<t zyoxp — L O VR | (7

The proof of this theorem is similar to that of Theorem 2 in [6] and in [4],

Estimates (17) define the rate at which u (¢, , y) tend to U (¢, x) when y — oo
and, also, the behavior of © atsmall ¢ and fixed £ and y, which is associated with
the rate of the boundary layer build-up, Inequalities (17) also imply that function n
satisfies conditions (2), Estimates of the form (17) are also valid for the sum of the first
terms of the expansion of function u in powers of time determined by Blasius in [11.

It follows from (3) and (4) that the approximate solution u ((kk)?, lh, y) of problem
(1), (2) can be derived with the use of functions w¥! by formula

v g ds (k) Tk, y)
Vi

= whot () ! n= W
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The steady convective diffusion on the surface of a particle of a substance diss-
olved in a uniform shear flow of viscous flow is considered, The problem of diff-
usion on a solid sphere and a spherical drop is solved in the approximation of
the diffusion boundary layer,

Determination of diffusion afflux of a substance (or heat) on the surface of 2 mo~
ving particle is one of the fundamental problems of physicochemical hydrodyna-
mics related to the theory of combustion, chemical reactors, in particular those
with suspended layers, to the theory of coagulation and flocculation of disperse
systems, deposition of aerosols, and in numerous other applications,

The analytical solutions obtained so far relate only to straight, uniform at infin-
ity, laminar flows past particles at low Reynolds numbers {1 ~ 6],

Here an approximate analytical expression is derived for the diffusing stream of
a substance on the surface of a spherical particle in a uniform laminar shear
flow, Stokes' approximation derived in [7] is used for determining the shear flow
field, It is assumed that the Péclet number is considerable so that the equation
of convective diffusion can be expressed in terms of boundary layer approxima-
tion,

1, Statement of problem, Let us consider a spherical particle carried along

by a stream of viscous incompressible fluid in a steady uniform shear flow, In an



